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Abstract
We present an approach to fully characterize the polarization of general vector light beams.
When attempting to generalize the notion of Stokes parameters to nonparaxial light beams in
momentum space, we find that the Jones function that determines the Stokes parameters through
the Pauli matrices is defined over a natural coordinate system that is fixed by a constant unit
vector, called the Stratton vector. We further show that the Pauli matrices represent the intrinsic
degree of freedom of the polarization with respect to the natural coordinate system so that the
Stratton vector acts as an additional degree of freedom that complements the intrinsic degree of
freedom to fully characterize the polarization. As a consequence of the new degree of freedom, the
Stratton vector, in helicity states, a phase factor that has observable physical effects is identified.
Examples of its application to characterizing the state of polarization are also given.
∗ cfli@shu.edu.cn
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I. INTRODUCTION
It would be hard to overstate the significance of the polarization of light. The notion
of light polarization, as Bjo¨rk et. al. [1] noted, comes essentially from the observation
of the vibration of the electric vector of a plane light wave in the transverse plane [2, 3].
The Stokes parameters [4] that are physically observable [5, 6] are therefore “the most
convenient mathematical characterization for the state of polarization of a plane wave”
[7]. In practice, however, they are commonly used to characterize the state of polarization
of paraxial light beams, including the so-called scalar beams [8–10] that are assumed to
be uniformly polarized as well as the vector beams [11–14] that vary in polarization over
the transverse profile. Such a characterization cannot be extended to the polarization of a
nonparaxial light beam the electric field of which has a non-negligible component in the axial
direction. An example is the monochromatic light beam that Barnett and Allen introduced
in Ref. [15], the electric field of which takes the form
E = eilφ
∫ k
0
dκE(κ)eikzz
{
Jl(κr)(αx¯+βy¯)+
iκ
2kz
[(α+iβ)e−iφJl−1(κr)−(α−iβ)eiφJl+1(κr)]z¯
}
,
where kz = (k
2 − κ2)1/2, Jl(κr) is the Bessel function of order l, complex constants α
and β satisfy |α|2 + |β|2 = 1, x¯, y¯, and z¯ are the unit vectors along the corresponding
coordinate axes. As was shown before [16], the real parameter −i(α∗β − β∗α) is no longer
the polarization ellipticity of the beam though the relative strengths of the transverse x-
and y-components of the electric field are indicated by α and β, respectively. Of course, one
can always generalize the Stokes parameters to nonparaxial beams in momentum space on
the basis of Fourier transformation. Unfortunately, it is found that so generalized Stokes
parameters are not able to fully characterize the polarization of nonparaxial beams. But
thankfully, in so doing we do find out an approach to meet the need. The purpose of the
present paper is to report this new approach.
Without loss of generality, we consider the electric field of an arbitrary vector beam in
free space, which usually has a non-vanishing axial component. It can be written in terms
of the plane-wave modes in the following way [17],
E(x, t) =
1
(2π)3/2
∫
e(k) exp[i(k · x− ωt)]d3k, (1)
where ω = ck, c is the speed of light in free space, k = |k|, and e(k) is the electric field
in momentum space, which stands for the vector amplitude of the plane-wave mode. Since
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a plane-wave mode is nothing but an eigenstate of the momentum, the notion of Stokes
parameters can be strictly generalized to the general vector beam (1) in momentum space.
As is well known, the electric vector e at any point k in momentum space is perpendicular
to the relevant momentum,
k · e(k) = 0, (2)
by virtue of the Maxwell equation ∇·E(x, t) = 0. To separate out the polarization from the
intensity [5–7, 18], we split the strength factor off from the momentum-space electric field
by writing
e(k) = e(k)a(k), (3)
where the strength factor e(k) satisfies |e(k)| = |e(k)|. So separated unit-vector function
a(k), which is known in the literature [17] as the polarization vector, describes the state
of polarization of the general vector beam (1) in momentum space. What is noteworthy
is that the polarization vector is not independent of the momentum. It has to satisfy the
transversality condition,
k · a(k) = 0, (4)
in accordance with Eq. (2). By this it is meant that the notion of polarization represented by
the polarization vector is not an independent degree of freedom at all though it is commonly
assumed [19–26] to have that property, implicitly or explicitly. Even so, Eq. (4) allows
to define the Stokes parameters for the polarization state a(k) at each momentum. The
problem, as we will see, is that so defined Stokes parameters need to be specified with
respect to some natural coordinate system (NCS) in association with the momentum. To
completely determine the Stokes parameters, it is required to figure out a way to determine
the transverse axes of the NCS. We will show that this can be done by using the real constant
unit vector that was introduced [2, 27–30] to represent various kinds of non-paraxial beams.
Unexpectedly, such a unit vector turns out to be an independent degree of freedom that is
needed to fully characterize the polarization of general vector beams.
The contents of this paper are arranged as follows: Section II generalizes the notion of the
Stokes parameters to a general vector beam in momentum space. To completely determine
the Stokes parameters, a real constant unit vector called Stratton vector (SV) is used to
determine the transverse axes of the NCS. It is shown in Section III that any particular SV
will fix a natural representation for the polarization. The polarization wavefunction in the
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natural representation, the Jones function, is defined over the associated NCS in the sense
that the Stokes parameters it determines through the Pauli matrices [18] are specified with
respect to the same NCS. It is further shown in Section IV that in any natural representation,
the Pauli matrices represent an independent degree of freedom of the polarization with
respect to the associated NCS, referred to as the intrinsic degree of freedom. The SV
to determine the NCS therefore serves as a second independent degree of freedom that
complements the intrinsic degree of freedom to fully characterize the polarization. A direct
consequence of the new degree of freedom, the SV, in helicity states is discussed in Section
V. Section VI concerns the applications of the SV to the characterization of the polarization
state of light beams when the value of the intrinsic degree of freedom is given. The last
section concludes the paper with remarks.
II. STOKES PARAMETERS IN MOMENTUM SPACE
A. Brief review of the Stokes parameters for a single plane wave
To generalize the Stokes parameters to a general vector beam in momentum space, it is
instructive to briefly review what has been implicitly assumed in the definition of the Stokes
parameters for a single plane wave. Consider a plane wave of wave number k0 in free space.
Taking its propagation direction as the z axis of the global coordinate system (GCS), its
complex electric vector can be written as follows,
Ep = epap exp[i(k0z − ω0t)],
where ω0 = ck0, the constant ep is the amplitude, and the unit vector ap is the polarization
vector. Since ap is perpendicular to the z axis, choosing the unit vectors, x¯ and y¯, along the
corresponding transverse axes as the polarization bases, one has
ap = αxx¯+ αy y¯.
The expansion coefficients αx and αy make up the so-called Jones vector [31] α˜p =
(
αx
αy
)
,
which satisfies α˜†pα˜p = 1, where the superscript † stands for the transposed conjugation.
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The Stokes parameters are defined [6, 18] through the Pauli matrices
σˆ1 =
(
1 0
0 −1
)
, σˆ2 =
(
0 1
1 0
)
, σˆ3 =
(
0 −i
i 0
)
(5)
and are determined by the Jones vector as follows,
sp,i = α˜
†
pσˆiα˜p.
It is seen that in defining the Stokes parameters for a single plane wave, the propagation
direction has been assumed to be one of the Cartesian axes of the GCS, the z axis. Based
on such an assumption, the unit vectors x¯ and y¯ along the transverse Cartesian axes are
further taken as the polarization bases. But because not all the plane-wave components of
a general vector beam propagate along the z axis, it is impossible to take x¯ and y¯ as the
polarization bases for all of them. How to determine the polarization bases for different
plane-wave components will be our main concern in generalizing the Stokes parameters to
a general vector beam.
B. Generalization of Stokes parameters to a general vector beam
Now let us turn our attention to the Stokes parameters of the general vector beam (1)
in momentum space. According to Eq. (4), to every point k in momentum space there
corresponds a pair of mutually-perpendicular unit vectors, denoted by u and v, which form,
with k, a right-handed Cartesian system obeying the following relations,
u · v = 0, u× v = k
k
. (6)
One can choose the unit vectors u and v as the polarization bases to expand the polarization
vector a at the relevant momentum,
a(k) = α1u+ α2v.
The two-element Jones vector, α˜ =
(
α1
α2
)
, which consists of the expansion coefficients and
obeys α˜†α˜ = 1, is in general a function of the momentum. We will call it the Jones function.
Introducing the matrix
̟ ≡ ( u v ), (7)
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which contains the polarization bases as the column vectors, one can write the polarization
vector in terms of the Jones function simply as
a(k) = ̟α˜. (8)
The matrix ̟ has the property
̟†̟ = I2 (9)
by virtue of Eqs. (6), where I2 is the 2-by-2 unit matrix. Multiplying Eq. (8) by ̟
† on the
left and making use of Eq. (9), one is able to express the Jones function in terms of the
polarization vector as
α˜ = ̟†a. (10)
With the Jones function (10), it is straightforward to follow the procedure that is used
for a single plane wave to define the Stokes parameters for the polarization state a(k) at
each momentum,
si = α˜
†σˆiα˜, (11)
where σˆi are the Pauli matrices (5). It seems that so defined Stokes parameters could be
used to characterize the polarization of general vector beams. Unfortunately, the Stokes
parameters so far have not yet been completely determined.
C. Introduction of SV
As mentioned above, for a single plane wave, one can always take the propagation direc-
tion as the z axis of the GCS. In that case, it is allowed to choose the unit vectors along
the x and y axes of the GCS as the polarization bases. But for the general vector beam
(1), it is no longer possible to take the propagation direction of each plane-wave component
as the same z axis for different plane-wave components will generally propagate in different
directions. The unit vectors along the x and y axes thus cannot be taken as the polarization
bases for all the plane-wave components. As a matter of fact, the transverse axes u and v
at different momenta cannot always be the same as can be seen from Eqs. (6). Importantly,
they are arbitrary to the extent that a rotation about the relevant momentum k can be
performed. In order to determine the Stokes parameters completely, it is essential to figure
out how to determine the transverse axes of the momentum-associated NCS uvw.
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Fortunately, it was first shown by Stratton [2] and later by others [27–30] that this may
be done consistently by introducing a real constant unit vector I, referred to as the SV, in
the following way,
u = v× k
k
, v =
I× k
|I× k| . (12)
As a matter of fact, it is easy to prove that any real constant unit vector I can determine,
through these two equations, the transverse axes u and v that satisfy Eqs. (6). By this
it is meant that the Jones function given by Eqs. (10) and (7) is always associated with
some SV. Different SV’s will determine different transverse axes, resulting in different Jones
functions. Consequently, defined by the Pauli matrices (5) no matter which SV the Jones
function is associated with, the Stokes parameters are associated with the same SV as the
Jones function is. This in turn indicates that the Stokes parameters themselves are not able
to solely characterize the polarization of general vector beams.
Since the unit vectors u and v as the polarization bases already satisfy the transversality
condition (4), the Jones function is not constrained by such conditions. It can in principle
be independent of the momentum. On the basis of the quantum-mechanical theory [32, 33]
about the spin of electrons, the momentum-independent Jones function should describe an
independent degree of freedom of the polarization that is represented by the Pauli matrices
(5). To interpret the physical meaning of that degree of freedom, it is beneficial to analyze
the properties of the Jones function in association with the SV.
III. POLARIZATION WAVEFUNCTION IN NATURAL REPRESENTATION
A. Transformation of Jones function under the change of SV
To this end, let us first examine how the Jones function of a given polarization state
depends on the choice of the SV. Consider a different SV, say I′. In this case, the transverse
axes at momentum k take the form
u′ = v′ × k
k
, v′ =
I′ × k
|I′ × k| .
According to Eq. (10), the Jones function of the same polarization state a in association
with the primed SV reads
α˜′ = ̟′†a, (13)
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where ̟′ = ( u′ v′ ). As mentioned in Part IIC, the primed transverse axes u′ and v′ are
related to the unprimed ones u and v by a local rotation about the relevant momentum k.
Denoted by Φ, the rotation angle obeys
u′ = u cosΦ + v sin Φ, (14a)
v′ = −u sin Φ + v cosΦ. (14b)
These two equations can be combined into one single equation of the following form,
̟′ = exp[−i(Σˆ ·w)Φ]̟, (15)
where
Σˆx =
( 0 0 0
0 0 −i
0 i 0
)
, Σˆy =
( 0 0 i
0 0 0
−i 0 0
)
, Σˆz =
( 0 −i 0
i 0 0
0 0 0
)
are the generators of SO(3) rotation in the GCS and w = k
k
is the unit wavevector. Substi-
tuting Eqs. (15) and (8) into Eq. (13), one has
α˜′ = exp (iσˆ3Φ) α˜, (16)
where the relation
σˆ3 = ̟
†(Σˆ ·w)̟, (17)
which holds irrespective of the SV, has been used. According to Eqs. (12), the rotation
angle Φ in Eq. (15) depends not only on the SV’s I′ and I but also on the unit wavevector
w unless I′ = −I. In that case, one has Φ = π. Eq. (16) is the transformation of the Jones
function under the change of the SV.
It is noted that Eq. (17) reflects the correspondence between the SO(3) and SU(2)
rotations [34]. In fact, a comparison of Eq. (16) with Eq. (13) leads to
̟′†a = exp(iσˆ3Φ)̟
†a
when Eq. (10) is taken into account. Considering the arbitrariness of the polarization vector
a, one must have ̟′† = exp(iσˆ3Φ)̟† or, equivalently,
̟′ = ̟ exp(−iσˆ3Φ), (18)
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which shows that the SO(3) rotation of the transverse axes about the momentum corre-
sponding to the change of the SV can also be expressed by a SU(2) rotation. In particular,
the generator of the SU(2) rotation about the momentum is the third Pauli matrix σˆ3 in
consistency with the correspondence (17) between Σˆ ·w and σˆ3. This shows that the trans-
formation (16) is in fact a SU(2) rotation of the Jones function about the momentum. Such
a transformation implies that the Jones function in association with any particular SV is
defined over the NCS that is determined by the same SV.
B. Jones function is defined over NCS
According to Eq. (11), the Stokes parameters in association with the primed SV are
given by
s′i = α˜
′†σˆiα˜
′. (19)
Upon substituting Eq. (16) and using Eq. (11), one gets
s′1 = s1 cos 2Φ + s2 sin 2Φ, (20a)
s′2 = −s1 sin 2Φ + s2 cos 2Φ, (20b)
s′3 = s3. (20c)
These are the transformations of the Stokes parameters under the change of the SV. Only
the first two Stokes parameters depend on the choice of the SV. The third one does not.
The reason lies with the correspondence (17). It is noted that when I′ = −I, that is to say,
when Φ = π, one has s′i = si.
Traditionally, the Stokes vector [5–7, 18] formed by the Stokes parameters in the case of
a single plane wave is depicted on the surface of the Poincare´ sphere. But because the trans-
formations (20) come from a rotation of the transverse axes about the momentum, the third
Stokes parameter that is invariant under such a rotation should be considered as the compo-
nent of the Stokes vector along the momentum. Accordingly, the first two Stokes parameters
in association with any particular SV should be considered as the components of the Stokes
vector along the corresponding transverse axes. Specifically, the Stokes parameters (11) in
association with the unprimed SV I form the following Stokes vector,
s = s1u+ s2v + s3w, (21)
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where u and v are the unit vectors given by Eqs. (12). Letting
σˆ = σˆ1u+ σˆ2v + σˆ3w, (22)
one can rewrite Eq. (21) as
s = α˜†σˆα˜.
Mathematically, it states that the Jones function (10) in association with any particular SV
via Eqs. (7) and (12) is defined over the NCS that is determined by the same SV. This is
to be compared with the polarization vector that is defined over the GCS. In a word, the
Stokes vector of a polarization state is always associated with some particular SV. What
is noteworthy is that the Stokes vectors of the same polarization state in association with
different SV’s are in general not the same. To see this, let us look at the Stokes vector in
association with the primed SV,
s′ = α˜′†σˆ′α˜′ = s′1u
′ + s′2v
′ + s′3w,
where σˆ′ = σˆ1u′ + σˆ2v′ + σˆ3w. Upon substituting Eqs. (20) and (14), one finds
s′ = exp[i(Σˆ ·w)Φ]s. (23)
This can be explained in terms of their transverse components s⊥ = s1u + s2v and s′⊥ =
s′1u
′ + s′2v
′ as follows.
It is well known that the Pauli matrices (5) satisfy the SU(2) algebra,
[ σˆi
2
,
σˆj
2
]
= i
∑
k
εijk
σˆk
2
, (24)
where εijk is the Levi-Civita´ pseudotensor. In view of this, it follows from Eq. (22) that each
of them, except for a factor 1
2
, is the generator of a SU(2) rotation about the corresponding
Cartesian axes of the NCS. This again shows that the third Pauli matrix σˆ3 is the generator of
a SU(2) rotation about the momentum. It is thus seen from Eq. (16) that the primed Jones
function is the result of the rotation of the unprimed Jones function about the momentum
by an angle of −2Φ. If the transverse axes of the NCS were not rotated, the first two primed
Stokes parameters s′1 and s
′
2 would form a transverse component, s
′′
⊥ = s
′
1u + s
′
2v, which
is equal to the result of the rotation of s⊥ about the momentum by the same angle −2Φ.
This is what Eqs. (20a) and (20b) show and is graphically displayed in Fig. 1(a). However,
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FIG. 1. (a) s′′⊥ is the result of the rotation of s⊥ by an angle of −2Φ. (b) s′′⊥ is rotated to s′⊥ along
with the unprimed NCS being rotated to the primed NCS by an angle of Φ.
as mentioned above, the primed transverse axes u′ and v′ result from the rotation of the
unprimed transverse axes u and v about the momentum by the angle Φ. Along with the
unprimed NCS being rotated to the primed NCS, the transverse component s′′⊥ is rotated to
s′⊥ as is displayed in Fig. 1(b). As a consequence, s
′
⊥ is equal to the result of the rotation
of s⊥ about the momentum by an angle of −Φ. This is just what Eq. (23) means. By the
way, it is pointed out that the primed Stokes vector is different from the unprimed one even
when I′ = −I, in contrast with the transformations (20) on the Stokes parameters.
In short, the Jones function (10) in association with one particular SV is defined over the
NCS that is fixed exactly by that SV. The Stokes parameters it determines are therefore
specified with respect to the same NCS, forming the Stokes vector (21). It is worth noting
that what we conclude here is valid for any kind of light beams. As a corollary, the Stokes
parameters reviewed in Part IIA for a single plane wave are specified with respect to the
GCS xyz as Yun et. al. [35] realized recently.
C. SV fixes a natural representation for polarization
It is now clear that any SV will determine, through Eq. (7), a matrix ̟ that obeys Eq.
(9). With the help of this property, one readily gets from Eq. (8)
a†a = α†α.
Upon substituting Eq. (10) and considering the arbitrariness of the polarization vector a
into account, one immediately arrives at
̟̟† = I3, (25)
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where I3 is the 3-by-3 unit matrix. What is conveyed by Eqs. (9) and (25) is the fact that
the matrix ̟ in association with any SV is a quasi-unitary matrix [36]. ̟† is the Moore-
Penrose pseudo inverse of ̟, and vice versa. This means that any SV will fix a quasi-unitary
transformation between the polarization vector over the GCS and the Jones function over
the associated NCS via Eqs. (7) and (10) or its inverse transformation via Eqs. (7) and (8).
Specifically, to each polarization vector a over the GCS there corresponds one unique Jones
function over the associated NCS via Eq. (10). Conversely, to each Jones function α˜ over
the NCS that is determined by one particular SV, there corresponds one unique polarization
vector via Eq. (8). In the language of quantum mechanics, any SV will fix, via Eqs. (7)
and (10), a representation for the polarization. Remarkably, this is a representation that
is different from the global representation in which the state of polarization is described by
the polarization vector over the GCS. It is a natural representation. The wavefunction of
the polarization, the Jones function, in it is defined over the associated NCS; the physically
observable quantities, the Stokes parameters, that are represented by the Pauli matrices are
specified with respect to the same NCS as is expressed by Eq. (21).
More importantly, due to the fact that the quasi unitarity of the transformation matrix
̟ holds irrespective of the SV, there are an infinite number of natural representations
for the polarization. Each SV will fix a different natural representation. All the natural
representations are equivalent in the sense that a polarization state can be described in
any natural representation by a corresponding wavefunction. The wavefunctions in different
natural representations are not the same. They are related to one another by Eq. (16). But
on the other hand, all the natural representations are not equivalent in the sense that a Jones
function in different natural representations does not mean the same state of polarization as
can be seen from Eq. (8). This indicates that the SV is an independent degree of freedom
of the polarization.
IV. TWO INDEPENDENT DEGREES OF FREEDOM OF POLARIZATION
A. Intrinsic degree of freedom with respect to NCS
The wavefunction (10) of a polarization state a in one particular natural representation
is usually dependent on the momentum. So are the Stokes parameters (11) it determines
12
through the Pauli matrices (5). Nevertheless, as emphasized before, the polarization wave-
function in any natural representation is not constrained by such conditions as Eq. (4).
According to the quantum-mechanical theory [32, 33] about the spin of electrons, the Pauli
matrices in any natural representation represent an independent degree of freedom of the
polarization, referred to as the intrinsic degree of freedom. The intrinsic characteristic here
is two-fold [37]. Firstly, the Pauli matrices (5) as constant operators represent physical ob-
servables that are independent of such variables as the momentum. Secondly, as is explicitly
expressed by Eq. (22), these observables are specified with respect to the NCS rather than
with respect to the GCS.
To demonstrate this in more detail, we consider an arbitrary constant Jones function ν˜,
which is the eigenfunction of the constant matrix n1σˆ1 + n2σˆ2 + n3σˆ3 ≡ niσˆi,
(niσˆi)ν˜ = ν˜,
where the constants ni = ν˜
†σˆiν˜ are the Stokes parameters. On one hand, the physical
meaning of the constant Jones function ν˜ is not clear if the natural representation in which
it is defined is indeterminate. In fact, according to Eq. (8), the state of polarization it
describes in natural representation I is given by
n = ̟ν˜.
The constant Stokes parameters ni are the momentum-independent observables of this
polarization state with respect to the associated NCS uvw, forming the Stokes vector
n1u + n2v + n3w. But on the other hand, remember that different natural representa-
tions are equivalent. Denoting by ν˜ ′ the Jones function of the same polarization state n in
a different natural representation, say I′, one has
ν˜ ′ = exp(iσˆ3Φ)ν˜
in accordance with Eq. (16). Unexpectedly, it is in general not the eigenfunction of the
matrix niσˆi. In particular, it becomes dependent on the momentum. So do the Stokes
parameters with respect to the primed NCS as can be seen from Eqs. (20). This means
that only in some particular natural representation can the wavefunction of a polarization
state be constant. After all, what the Pauli matrices represent in a natural representation
is only the degree of freedom of the polarization with respect to the associated NCS. The
term intrinsic is more appropriate for such a kind of degree of freedom.
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B. SV is another degree of freedom of polarization
Now that the Pauli matrices (5) only represent the intrinsic degree of freedom of the po-
larization with respect to the NCS, the SV that determines the NCS is another independent
degree of freedom of the polarization. That is to say, there are two independent mechanisms
to change the polarization state of a light beam. One is to change the value of the intrinsic
degree of freedom, or the Jones function, with the SV remaining fixed as can be seen from
Eq. (8). This mechanism can be expressed mathematically by a SU(2) rotation of the Jones
function that is generated by the Pauli matrices within a fixed NCS [7]. As an example, we
consider the normalized eigenfunction of the first Pauli matrix σˆ1, α˜1+ =
(
1
0
)
, belonging
to the eigenvalue +1. According to Eq. (8), the polarization state it describes in natural
representation I is given by
a1+ = ̟α˜1+ = u. (26)
If the Jones function is changed from α˜1+ to α˜1− =
(
0
1
)
, the eigenfunction of σˆ1 belonging
to the eigenvalue −1, the polarization state will become
a1− = ̟α˜1− = v.
It is, of course, different from the polarization state a1+. In fact, it is orthogonal to a1+.
Such a change can be expressed by a SU(2) rotation of α˜1+ about the momentum by the
angle of π within the same natural representation,
α˜1− = exp
(
− i σˆ3
2
π
)
α˜1+. (27)
In other words, the polarization state a1− can be expressed in terms of the eigenfunction
α˜1+ as follows,
a1− = ̟ exp
(
− i σˆ3
2
π
)
α˜1+. (28)
The other mechanism is to change the NCS, or the SV, with the Jones function remaining
fixed. To illustrate this, we consider the above-mentioned eigenfunction α˜1+ in a different
natural representation, say I′. In this case, the polarization state it describes is given by
a′1+ = ̟
′α˜1+ = u
′, (29)
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which is different from a1+, embodying that a Jones function in different natural represen-
tations describes different states of polarization. Substituting Eq. (15) into Eq. (29) and
considering Eq. (26), one has
a′1+ = exp[−i(Σˆ ·w)Φ]a1+.
This is a SO(3) rotation of the polarization vector a1+ about the momentum.
To see that the latter mechanism is independent of the former one, we make use of the
correspondence (17) and substitute Eq. (18) into Eq. (29) to get
a′1+ = ̟ exp(−iσˆ3Φ)α˜1+.
A comparison with Eq. (28) shows that changing the SV of the polarization state a1+ is not
able to get the polarization state a1−. After all, the angle of the SO(3) rotation about the
momentum, which obeys Eq. (15), is dependent on the momentum. In a word, there are two
independent physical mechanisms to change the state of polarization of a light beam. One is
expressed by a SU(2) rotation of the Jones function in a fixed NCS. Since the Jones function
is not constrained by such conditions as Eq. (4), the SU(2) rotation may be arbitrary. The
other is expressed by a SO(3) rotation of the polarization vector in the GCS. Due to the
constraint of condition (4) on the polarization vector, the SO(3) rotation must be around the
momentum by the angle Φ that satisfies Eq. (15). Concrete examples of both mechanisms
will be given in Section VI.
From these results we conclude that the polarization of a light beam is not purely intrinsic.
It cannot be solely characterized by the intrinsic quantum number that is determined by the
canonical commutation relation (24). A complimentary degree of freedom is needed. This
might reveal the physics beyond the transversality condition (4) that is expressed in terms
of the polarization vector. It is worth pointing out that different from the intrinsic degree of
freedom that is represented by Hermitian operators, the Pauli matrices, the complimentary
degree of freedom is a unit vector, the SV. The newly identified degree of freedom enables
us to identify a phase factor that has observable physical effects.
V. ONE CONSEQUENCE OF THE NEW DEGREE OF FREEDOM
It is now clear that when the natural representation is fixed by one particular SV, each
polarization state is described by a unique wavefunction via Eq. (10). Its Stokes parameters
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with respect to the associated NCS form the Stokes vector (21). Under the change of the
natural representation, the wavefunction is transformed according to Eq. (16) and the Stokes
vector is transformed according to Eq. (23). From these results one might speculate that
the notion of Stokes vector in a fixed natural representation is able to solely characterize the
polarization state of general vector beams. Regrettably, this is again not true. The reason
lies with the fact that the correspondence (17) holds irrespective of the concrete SV.
Here we are concerned about the eigenfunction of the Pauli matrix σˆ3, α˜3± = 1√
2
(
1
±i
)
.
It satisfies the eigenvalue equation
σˆ3α˜3± = ±α˜3±. (30)
Let us compare the states of polarization it describes in two different natural representations.
In the unprimed natural representation, it describes the following polarization state,
a3± = ̟α˜3± =
1√
2
(u± iv). (31)
Similarly, the polarization state it describes in the primed natural representation is given by
a′3± = ̟
′α˜3± =
1√
2
(u′ ± iv′).
But upon substituting Eq. (18) and considering Eqs. (30) and (31) into account, one finds
a′3± = a3± exp(∓iΦ). (32)
It differs from a3± only by the phase factor exp(∓iΦ). This is explained as follows. Remem-
bering that the Pauli matrix σˆ3 is the helicity operator [7] in the natural representation, Eq.
(17) implies that Σˆ ·w is the helicity operator in the global representation. In fact, because
Eq. (10) acts as the transformation of the polarization vector in the global representation
into the polarization wavefunction in the natural representation, Eq. (17) plays the role of
transforming the global-representation helicity operator to the natural-representation one.
With the help of Eqs. (9) and (25), one readily obtains from Eq. (17)
Σˆ ·w = ̟σˆ3̟†.
It transforms the natural-representation helicity operator back to the global-representation
one. Now that this transformation holds irrespective of the SV, the two different polarization
states a3± and a′3± are both the eigenstates of Σˆ ·w belonging to the same eigenvalue ±1,
(Σˆ ·w)a3± = ±a3±, (Σˆ ·w)a′3± = ±a′3±,
16
by virtue of Eqs. (9) and (30).
On the other hand, as mentioned before, different natural representations are equiva-
lent. Denoting by α˜′3± the wavefunction of the helicity state a3± in the primed natural
representation, one finds by use of Eqs. (16) and (30)
α˜′3± = exp(iσˆ3Φ)α˜3± = α˜3± exp(±iΦ). (33)
It is only different from α˜3± by a phase factor. The Stokes vector it determines is therefore
the same as α˜3± does in the primed natural representation. They are all±w. This shows that
the helicity states a3± and a′3± in association with two different SV’s share the same Stokes
vector in the same natural representation. In other words, the two different polarization
states a3± and a′3± cannot be distinguished from each other by their Stokes vectors in
the same natural representation. This is understandable. After all, the Stokes vector is
a quantity that is defined in the natural representation, whereas the Stokes vector of the
helicity state does not convey any information about the natural representation.
However, as we have seen, the angle Φ of the SO(3) rotation corresponding to the change
of the SV depends on the momentum. So the helicity-dependent phase factor exp(∓iΦ) in
Eq. (32) will have an impact on the spatial profile of the light beam in accordance with
Eqs. (3) and (1). That is to say, the polarization vectors a3± and a′3± will produce two
different electric fields in position space for the same strength factor e(k). Such an impact
usually results in a helicity-dependent transverse shift of the barycenter of the beam [30].
For example, the so-called spin Hall effect of light that Hosten and Kwiat [38] experimentally
observed in the diffraction at an interface between two dielectric media was quantitatively
interpreted [39] in terms of the deflection of the SV though it was originally interpreted in
terms of the helicity-dependent geometric phase in momentum space. This can be under-
stood as follows. First of all, the incident beam in that experiment can be treated [38] as
a uniformly-polarized paraxial beam, which means that it has a SV that is perpendicular
to its propagation direction [30]. Secondly, the diffraction at the interface was shown [39]
to amount to, in the first-order paraxial approximation, deflecting the SV of the beam to
a direction that is not perpendicular to the propagation direction. So the geometric phase
that Hosten and Kwiat deduced in their article is nothing but the helicity-dependent phase
that reflects the deflection of the SV as is clearly expressed by Eq. (32). As a matter of
fact, the effect of the SV on the transverse shift of the beam’s barycenter can be extremely
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large in comparison with its wavelength under reasonable conditions [40, 41].
VI. APPLICATIONS OF THE NEW DEGREE OF FREEDOM
At last, let us make use of two concrete examples to appreciate how the SV affects the
polarization state of a light beam when the value of the intrinsic degree of freedom is given.
We will see that the new degree of freedom makes it possible to describe paraxial beams of
uniform and cylindrically-symmetric polarizations in a unified framework.
To this end, we assume that the light beams under investigation propagate along the z
axis. In the first example, the SV is set to be perpendicular to the propagation axis [28],
Ia = −x¯. The transverse axes of the NCS that it determines take the form
ua =
1
C
(
x¯− k
2
ρ
k2
ρ¯ cosϕ− kzkρ
k2
z¯ cosϕ
)
,
va =
1
C
(
kz
k
y¯ − kρ
k
z¯ sinϕ
)
,
where ρ¯ stands for the radial unit vector in cylindrical coordinates, kz and kρ are the axial
and radial components of k, respectively, ϕ is the azimuthal angle, and
C =
(
1− k
2
ρ
k2
cos2 ϕ
)1/2
.
(i) The first state of polarization that we are concerned with is described by α˜1+, one of the
eigenfunctions of the Pauli matrix σˆ1,
aa1+ = ̟
aα˜1+ =
1
C
(
x¯− k
2
ρ
k2
ρ¯ cosϕ− kzkρ
k2
z¯ cosϕ
)
,
where ̟a = ( ua va ). (ii) The second state of polarization is described by α˜1−, the other
eigenfunction of σˆ1,
aa1− = ̟
aα˜1− =
1
C
(
kz
k
y¯ − kρ
k
z¯ sinϕ
)
,
which is orthogonal to aa1+. It is observed that in the zeroth-order paraxial approximation
in which kz ≈ k and kρk ≈ 0, aa1+ reduces to x¯ and aa1− reduces to y¯, giving rise to uniformly-
distributed x and y polarizations in position space, respectively [30, 42]. But it should be
emphasized that the polarization state aa1− cannot be obtained by rotating the polarization
state aa1+ about the z axis. In fact, as is shown by Eq. (27), it results from the SU(2)
rotation of the Jones function α˜1+ of the polarization state a
a
1+ about the momentum by
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the angle π with the SV Ia remaining fixed. (iii) The third state of polarization is described
by α˜3+, one of the eigenfunctions of σˆ3,
aa3+ = ̟
aα˜3+ =
1√
2C
[
x¯+ i
kz
k
y¯ − k
2
ρ
k2
ρ¯ cosϕ− kρ
k
(
kz
k
cosϕ+ i sinϕ
)
z¯
]
.
In the zeroth-order paraxial approximation, it reduces to 1√
2
(x¯+ iy¯), which gives rise to the
uniformly-distributed circular polarization in position space. It is noted that the polarization
state aa3+ can be obtained by a SU(2) rotation of the Jones function α˜1+ of the polarization
state aa1+ about the natural coordinate axis v by the angle −pi2 ,
α˜3+ = exp
[
− i σˆ2
2
(
− π
2
)]
α˜1+,
with the SV Ia remaining fixed.
In the second example, the SV is set to be directed along the propagation axis of the
beam [29], Ib = z¯. The transverse axes it determines are given by
ub =
kz
k
ρ¯− kρ
k
z¯,
vb = ϕ¯,
where ϕ¯ stands for the azimuthal unit vector in cylindrical coordinates. (i) In this case, the
polarization state described by the Jones function α˜1+ becomes
ab1+ = ̟
bα˜1+ =
kz
k
ρ¯− kρ
k
z¯,
where ̟b = ( ub vb ). In the zeroth-order paraxial approximation, it will give rise to radially
polarized beams through Eqs. (3) and (1) when the strength factor e(k) is rotationally
invariant about the z axis [43]. (ii) In addition, the polarization state described by the
Jones function α˜1− is given by
ab1− = ̟
bα˜1− = ϕ¯,
which is orthogonal to ab1+. It will give rise to azimuthally polarized beams through Eqs.
(3) and (1) when the strength factor e(k) is rotationally invariant about the z axis. (iii)
Moreover, the polarization state described by the Jones function α˜3+ takes the form
ab3+ = ̟
bα˜3+ =
1√
2
(kz
k
ρ¯+ iϕ¯− kρ
k
z¯
)
.
It is noted that this polarization vector reduces to 1√
2
(ρ¯ + iϕ¯) = 1√
2
(x¯ + iy¯) exp(−iϕ) in
the zeroth-order paraxial approximation, which is different from the zeroth-order paraxial
approximation of aa3+ by the phase factor exp(−iϕ).
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Clearly, the polarization states aa1+ and a
b
1+ are different from each other though they
share the same Jones function. They differ by their SV’s Ia and Ib. This is true of the
polarization states aa1− and a
b
1− as well as the polarization states a
a
3+ and a
b
3+.
VII. CONCLUSIONS AND REMARKS
In conclusion, it is revealed that two independent degrees of freedom are needed to fully
characterize the polarization of general vector beams. One is the SV that determines the
transverse axes of the NCS through Eqs. (12). The other is the intrinsic degree of freedom
with respect to the NCS. They characterize the polarization in the following way. On one
hand, the SV fixes, via Eqs. (7) and (10), a natural representation for the polarization. The
wavefunction of polarization, the Jones function, in one particular natural representation is
defined over the associated NCS. The Stokes parameters that the Jones function determines
through the Pauli matrices (5) are specified with respect to the same NCS, forming the Stokes
vector (21). All the natural representations are equivalent in the sense that a polarization
state can be described in any natural representation by a corresponding Jones function. The
Jones functions in two different natural representations are transformed in accordance with
Eq. (16) and the Stokes vectors are transformed in accordance with Eq. (23). On the other
hand, the intrinsic degree of freedom with respect to the NCS is represented by the Pauli
matrices in the associated natural representation. What is surprising is that a given value
of the intrinsic degree of freedom with respect to different NCS’s does not mean the same
polarization. As a result, there are two independent mechanisms to change the polarization
of a light beam. One is to change the value of its intrinsic degree of freedom, or its Jones
function, with its SV remaining fixed. The other is to change its SV, or its NCS, with its
Jones function remaining fixed. The former can be expressed mathematically as an arbitrary
SU(2) rotation of the Jones function in a fixed NCS. What is performed by use of polarizers
[6] falls into that category. The latter takes the form of a SO(3) rotation of the polarization
vector about the momentum by an angle Φ that satisfies Eq. (15). This is the case with all
the recent experiments [44] that convert uniformly polarized paraxial beams to radially or
azimuthally polarized paraxial beams.
It is further inferred from the correspondence (17) that there are an infinite number of
eigenstates of the helicity belonging to the same eigenvalue. They are described by the same
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eigenfunction of the Pauli matrix σˆ3 in different natural representations. Each of them shows
a distinct state of polarization though they are only different by a helicity-dependent phase.
It is this phase that accounts for the geometric phase in the paraxial approximation [38].
By the way, what Hosten and Kwiat observed in their experiments is the effect of the phase
of the polarization vector in Eq. (32), instead of the effect of the phase of the polarization
wavefunction in Eq. (33).
It should be emphasized that the new degree of freedom, the SV, which has observable
physical effects, is different from what we are familiar with. It is not an observable by
itself. What it conveys is how to determine, relative to the GCS, the NCS with respect
to which the physically observable quantity, the intrinsic degree of freedom, is specified.
Based on this conclusion, it is not difficult to imagine that only in one particular natural
representation can the polarization of the radiation field be strictly quantized as is suggested
by the canonical quantization condition (24). It is hoped that the findings presented here
will deepen understanding of the quantum properties of the radiation field.
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